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COMPUTATIONS OF FLOER HOMOLOGY FOR CERTAIN
LAGRANGIAN TORI IN CLOSED 4-MANIFOLDS
ADAM C. KNAPP
Abstract. We compute the Lagrangian Floer cohomology groups of cer-
tain tori in closed simply connected symplectic 4-manifolds arising from Fin-
tushel - Stern knot/link surgery. These manifolds are usually not symplecti-
cally aspherical. As a result of the computation we observe examples where
HF (L0) ∼= HF (L1) and L0 and L1 are smoothly isotopic but L0, L1 are not
symplectically isotopic and are distinguished by HF (L0, L1).
1. Introduction
For a pair L0, L1 of Lagrangian tori in a symplectic 4-manifold, there are several
types of isotopy that we may consider:
• Smooth isotopy.
• Lagrangian isotopy. L0 and L1 are Lagrangian isotopic in X if there is an
smooth isotopy of L0 to L1 through Lagrangians.
• Symplectic/Hamiltonian isotopy. These are Lagrangian isotopies of L0 to
L1 which extend to isotopies of the ambient manifold X and preserve the
symplectic structure. If we think of a smooth isotopy as given by integrating
a time dependant vector field χt on X , then the condition for symplectic
isotopy is that ι(χt)ω is closed and the condition for Hamiltonian isotopy is
that ι(χt)ω is exact. Of course, in the case of a simply connected ambient
manifold, all symplectic isotopies are Hamiltonian.
In [12], Vidussi shows that there are an infinite number of smoothly nonisotopic
Lagrangian tori inside E(2)K . In [3], Fintushel and Stern define an integer valued
smooth invariant of these tori, distinguishing the smooth isotopy class of an infinite
family. The examples of Lagrangian tori we consider here are of the same type
found in [12] and [3]. That is, they occur in the “link portion” of the link surgery
manifolds of Fintushel-Stern.
In [1] Eliashberg and Polterovich give examples of Lagrangian tori in R4 which
are Lagrangian isotopic but not Hamiltonian isotopic. The examples considered
here differ from these as they lie in closed manifolds and may be essential.
In [10], Seidel gives an infinite family of smoothly isotopic but symplectically
nonisotopic Lagrangian spheres in an exact symplectic 4-manifold distinguished
by their Lagrangian Floer homology. This result was extended in [11] to certain
embeddings of these examples into K3 and Enriques surfaces. Seidel’s computa-
tion uses the “Morse-Bott” spectral sequence for clean intersections of Lagrangians
from [9] to compute the Lagrangian Floer homology of the Lagrangian spheres. We
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say L0, L1 have clean intersection if their intersection is a embedded submanifold
and T (L0 ∩ L1) = TL0 ∩ TL1. The result of Poz´niak in [9] was a chain homotopy
between the Morse complex of the clean intersection and the Lagrangian Floer com-
plex restricted to a neighborhood of the clean intersection. We proceed somewhat
similarly here except that where in Seidel’s examples the vanishing of higher order
differentials comes for more or less for free from grading considerations, we show
vanishing by an essentially topological argument.
I would like to thank Ronald Fintushel, Richard Hind, and Tom Parker for
helpful conversations.
2. Construction
Vidussi’s symplectic version of the Fintushel-Stern link surgery can be described
as follows: Consider ML, a 3 manifold obtained from zero surgery on a nontrivial
fibered m component link L in S3 with a fibration pi : ML → S1. Choose metrics
on ML and S
1 appropriately so that the fibration map pi is harmonic. (Without
loss of generality assume that the metric on S1 gives it volume 1.) Then S1 ×ML
has a symplectic form ω = dθ ∧ dpi + ∗3dpi. Here θ is a coordinate on S1 and ∗3dpi
indicates the pullback of ∗dpi in ML via the projection S1 ×ML →ML. The form
ω is closed since pi is harmonic and nondegenerate since L is fibered. If mi are
meridians to the components Ki of L, then S
1 ×m is a symplectic torus of square
zero. Let Xi be symplectic 4-manifolds each with a symplectic torus Fi of square
zero and tubular neighborhood N(Fi). Suppose that pi1(Xi \N(Fi)) = 0, then the
symplectic fiber sum
XL = S
1 ×ML #
i=1,...,m
Fi=S
1×mi
Xi
is simply connected and symplectic. Symplectic and Lagrangian submanifolds of
each Xi and of S
1 ×ML which do not intersect the Fi = S1 ×mi remain so under
this process. (We also note that on each link component the choice of meridian mi
does not matter since isotopies ofmi induce deformation equivalences of symplectic
structures on XL.)
Let γ be a loop on a fiber of pi. Then with the specified symplectic form,
Lγ = S
1 × γ is a Lagrangian torus in S1 ×MK . When γ and the mi are disjoint,
Lγ is also naturally a Lagrangian torus in XL. It is this class of Lagrangian tori
which we will be considering here.
There is one more observation of note. In the 3-manifold ML there is a natural
construction of a vector field µ, namely the vector field uniquely determined by
ι(µ)(∗dpi) ≡ 0 and pi∗(dvolS1)(µ) ≡ 1. By construction, the time t flow of µ
preserves the fibers of pi, moving them in the forward monodromy direction. Thus
the time 1 flow of µ on ML gives the monodromy map when restricted to a fiber of
pi. If we extend µ to a vector field on S1 ×ML which we also call µ, then we note
that ι(µ)ω is a closed, but not exact 1-form. Thus we get a 1-parameter family of
symplectomorphisms φt on S
1 ×ML which are not Hamiltonian.
Consider the action of φt on our Lagrangian torus Lγ . When t /∈ Z, φt(Lγ)∩Lγ =
∅ as γ is moved to a disjoint fiber. However, when t ∈ Z it is possible that φt(Lγ)
and Lγ intersect. Further, when the monodromy is of finite order, we can find a
good choice of meridian m so that the symplectic isotopies of Lγ to its iterates
under the monodromy stay away from the S1 × mi. These symplectic isotopies
survive as Lagrangian isotopies in XL.
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3. Calculation of Floer Cohomology
We use the variant of Lagrangian Floer cohomology over the universal Novikov
ring Λ in [5]. In this theory, the construction of the Floer cohomology groups is
defined when certain obstruction classes vanish. These classes count pseudoholo-
morphic discs with boundary on the Lagrangians. The following lemmas show
that we are in the situation where these classes vanish and serve to compute the
homology.
Lemma 3.1. Suppose (S1 ×ML, ω) is as above and that the link L is nontrivially
fibered in the sense that the genus of the fiber is at least 1. Then S1×ML contains
no pseudoholomorphic spheres. Further, suppose that γi, i = 0, 1, are loops on a
fiber of pi which meet transversely in exactly one point and let Li = Lγi . Then all
pseudoholomorphic discs in S1 ×ML with boundary on L0 or on L1 are constant
and there are no nonconstant Floer discs for L0, L1.
Note that we cannot extend this lemma to say that there are no pseudoholo-
morphic representatives of pi2(S
1×ML, L0 ∪L1). We see such a counterexample in
Section 4.
Proof of Lemma 3.1. As was assumed, ML is a fibration over S
1 with fiber Σg
of genus g ≥ 1 and projection pi. As [γ0] · [γ1] = ±1 in the homology of the
fiber no nonzero multiples of the two may be homologous. Thus they represent
distinct infinite order elements of pi1(Σg, γ0 ∩ γ1) for which no powers i, j 6= 0 give
[γ0]
i = [γ1]
j . By considering the universal abelian cover Σg×R, we see that pi1(Σg)
injects into pi1(ML) by the inclusion of a fiber. Then the subgroups generated by
γ0, γ1 intersect trivially in pi1(ML, γ0 ∩ γ1).
Since the genus of the fiber g ≥ 1, pi2(ML) = 0 and thus pi2(S
1×ML) = 0. Now
consider the exact sequence
0 = pi2(S
1 ×ML) // pi2(S
1 ×ML, Li) // pi1(S
1 × γi)
i
// pi1(S
1 ×ML)
It follows that pi2(S
1 ×ML, Li) = ker(i) = 0 by our assumptions on γi. Therefore,
the homomorphism
∫
ω on pi2(S
1×ML, Li) given by choosing a representative and
integrating the pullback of ω over the disc is the zero homomorphism.
Let Ω(L0, L1) denote the space of paths δ : ([0, 1], 0, 1)→ (S1×ML, L0, L1) and
Ω0(L0, L1) be that subset whose members are homotopic to a point. As L0 ∩L1 is
connected, Ω0(L0, L1) is also connected. Let i0, i1 be the inclusions of L0 and L1
into S1 ×ML respectively. There is an evaluation map p : Ω0(L0, L1) → L0 × L1,
p(δ) = (δ(0), δ(1)). This is a Serre fibration whose fiber is homotopy equivalent
to Ω0(S
1 ×ML, x). Thus pik(p−1(δ0, δ1)) ∼= pik+1(S1 ×ML) and there is the exact
sequence
pi2(S
1 ×ML) //
∼=

pi1(Ω0(L0, L1))
p∗
//
=

pi1(L0)× pi1(L1)
i0∗·i
−1
1∗
//
∼=

pi1(S
1 ×ML)
∼=

0 // pi1(Ω0(L0, L1)) // Z2 × Z2 // Z× pi1(ML)
For the last map, the sequence is exact in the sense that
im(p∗) = ker(i0∗ · i
−1
1∗ ) = {(a, b) ∈ pi1(L0)× pi1(L1) | i0∗(a) · (i1∗(b))
−1 = e}.
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Then pi1(Ω0(L0, L1)) ∼= ker
(
i0∗ · i
−1
1∗
)
. Since the γi are nontrivial and nontorsion
each i0∗, i1∗ is individually injective on pi1. So the kernel of i0∗ · i
−1
1∗ depends
only on the intersection of the images of i0∗ and i1∗ in Z × pi1(ML). Then as we
know the subgroups generated by γ0, γ1 in pi1(ML) intersect trivially, we see that
pi1(Ω0(L0, L1)) ∼= Z.
Consider D2 as the unit disc in C and let ∂+ = ∂D
2 ∩ {z ∈ C | ℜz ≥ 0} and
∂− = ∂D
2 ∩ {z ∈ C | ℜz ≤ 0}. Consider A as the annulus {z ∈ C | 1 ≤ |z| ≤
2} with boundary components ∂|z|=1 and ∂|z|=2. We may represent elements of
pi1(Ω0(L0, L1)) as maps of the annulus (A, ∂|z|=2, ∂|z|=1) into (S
1 × ML, L0, L1).
As with pi2(S
1 × ML, Li) there is a homomorphism on pi1(Ω0(L0, L1)) which we
shall call
∫
ω which is given by integrating the pullback of ω over (in this case) the
annulus. We now show
∫
ω on pi1(Ω0(L0, L1)) is the zero homomorphism.
To see this, consider a certain generator for pi1(Ω0(L0, L1)) ∼= Z represented by
a map u : (A, ∂|z|=2, ∂|z|=1) → (S
1 ×ML, L0, L1) for which u(A) ⊂ L0 ∩ L1 and
∂|z|=1, ∂|z|=2 both map to ± the generator of pi1(L0 ∩L1) = Z. Clearly
∫
A
u∗ω = 0.
Then
∫
ω ≡ 0 on pi1(Ω(L0, L1)).
If we have topological Floer disc, that is, a map
u : (D2, ∂−, ∂+)→ (S
1 ×ML, L0, L1),
then the images of ±i lie in L0 ∩L1. As L0 ∩L1 ∼= S1 is connected, we can connect
the images of ±i by an arc γ : ([−pi2 ,
pi
2 ], {−
pi
2 }, {
pi
2 }) → (L0 ∩ L1, u(−i), u(i)).
There are, of course, two ways of doing this but that will be immaterial. Then
define u˜ : (A, ∂|z|=2, ∂|z|=1)→ (S
1 ×ML, L0, L1) by
u˜(z) =
{
u ◦ φ if ℜz < 0
γ(θ) if ℜz ≥ 0, z = reiθ ,−pi2 ≤ θ ≤
pi
2
Where φ is a diffeomorphism from the interior of D = A ∩ {z ∈ C | ℜz ≤ 0} to the
interior of D2 whose extension to the boundary takes D ∩ ∂|z|=2 to ∂−, D ∩ ∂|z|=1
to ∂+, the part of D lying on the positive imaginary axis to i and the part of D
lying on the negative imaginary axis to −i.
Then
∫
A
u˜∗ω =
∫
D2
u∗ω. Now, u˜ defines an element of pi1(Ω(L0, L1)) so
∫
D2
u∗ω =∫
A
u˜∗ω = 0. Thus as all nonconstant pseudoholomorphic curves have positive sym-
plectic area, there are no nonconstant Floer discs.

Lemma 3.2. Suppose that (S1 × ML, ω) and the Li satisfy the assumptions of
Lemma 3.1. Let mi be meridians to each component Ki of L each away from
the γi and (Xi, ωXi) be a collection of symplectic 4-manifolds each containing an
embedded symplectic torus Fi of square zero. Then for any almost complex structure
on the fiber sum manifold XL which on each side of the fiber sum is sufficiently
close to one for which the Fi or S
1 × mi is pseudoholomorphic, all (perturbed)
pseudoholomorphic discs in XL with boundary on L0 or on L1 and all Floer discs
for L0, L1 are constant.
Note that if Jt is a loop of almost complex structures, starting at a J as described,
which is contained within a small neighborhood of J , then Jt-pseudoholomorphic
strips (Floer discs) can be considered as solutions to the perturbed pseudoholomor-
phic curve equations.
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Proof of Lemma 3.2. In [8], Ionel and Parker construct a 6 dimensional symplectic
manifold Z with a map to D2 so that over λ ∈ D2 \ {0} the fiber is the symplectic
sum XL and over 0 the fiber is the singular manifold S
1×ML
⋃
i=1,...,m
Fi=S
1×mi
Xi. Each
fiber XL,λ is canonically symplectomorphic to S
1×ML\N(S1×mi)∪mi=1Xi\N(Fi)
away from the fiber sum region.
Further, the almost-complex structure JZ on Z is chosen so that in the singular
fiber XL,0, S
1×mi is a pseudoholomorphic torus and so that the restriction of JZ to
each fiber is an almost complex structure. (The singular fiber is pseudoholomorphic
in the sense that each inclusion of X and S1 ×ML is pseudoholomorphic.)
Suppose that γ is a smooth embedded path in D2 which passes through zero
and that {λn}∞n=0 → 0 with λn ∈ γ \ {0}. Since the Li are disjoint from the fiber
sum region, there are Lagrangian submanifolds L˜i in Z for which in every fiber
XL,λn above λn, L˜i ∩ XL,λn = Li,n which is mapped to Li under the canonical
identification.
Suppose that we have a family of pseudoholomorphic discs Σn in XL,λn that have
boundary in L˜i for each n and all have the same homology class in H2(XL, L˜i;Z)
when it is identified with H2(XL,λn , Li,n;Z) via the bundle over γ. (The projection
is a bundle map away from λ = 0.) Then the elements of this family each represent
a homology class [Σn] in H2(Z, L˜i;Z). As Z is itself symplectic with a symplectic
form ωZ which restricts to each regular fiber as the symplectic form ωXλn obtained
by fiber sum parameterized by λn, the integral of ωXλn over Σn within Xλn is
equal to the integral of ωZ over Σn. As Σn all represent the same homology class,
the integrals must all be equal. Then since energy for pseudoholomorphic curves is
the integral of the symplectic form, we have a bound on energy. Then by Gromov
compactness for pseudoholomorphic curves with Lagrangian boundary conditions,
these discs converge to a pseudoholomorphic curve uˆ with image in the singular
fiber XL,0 ∼= S1 ×ML
⋃
i=1,...,m
Fi=S
1×mi
Xi and boundary on Li,0 ∼= Li. The domain C
of uˆ is then a collection of spheres and discs.
We next state Lemma 3.4 of [7] within our context. Note that here, ν is a
perturbation of the ∂J operator. (We suppress the perturbation elsewhere.)
Lemma 1 (Ionel,Parker). Suppose that C is a smooth connected curve and f :
C → S1 ×ML is a (J, ν)-holomorphic map that intersects S1 ×m at a point p =
f(z0) ∈ S1 ×m. Then either
(1) f(C) ⊂ S1 ×mi for some i or
(2) there is an integer d > 0 and a nonzero a0 ∈ C so that in local holomorphic
coordinates centered at p
f(z, z¯) = (pi +O(|z|), a0z
d +O(|z|d+1))
where O(|z|k) denotes a function which vanishes to order k at z = 0.
We note that no irreducible component of uˆ is mapped entirely into any S1×mi
as there are no nonconstant holomorphic maps of spheres into tori and all discs
have boundary on Li away from each S
1×mi. Part (2) of the lemma shows us that
on each component of the domain, uˆ meets the Fi as algebraic curves do. Thus we
know that uˆ intersects each S1×mi at a finite number of points and that the image
of each spherical or disc component of the domain of uˆ will lie entirely in one of
the Xi or in S
1 ×ML.
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Then our map uˆ splits into two pseudoholomorphic maps uˆ1 : (C1, ∂C1) →
(S1 ×ML, Li) and uˆ2 : C2 →
∐
iXi. Here C = C1 ∪ C2 with C1 a collection of
spheres and discs and C2 a (possibly empty) collection of spheres so that C1∩C2 ⊂
uˆ−1
(⋃m
i=1 S
1 ×mi
)
are nodes of C.
Thus we have obtained uˆ1, a pseudoholomorphic curve in S
1×ML with boundary
on Li. By our Lemma 3.1 this map must be constant. Thus the image of uˆ1 is
in Li disjoint from the fiber sum region. Then since the images of uˆ2 and uˆ1 are
connected, uˆ2 must have empty domain. Therefore, uˆ is constant.
This implies that for λ sufficiently small, all of the discs Σn must have been
contained in S1×ML disjoint from the fiber sum region. Therefore by Lemma 3.1,
they were constant in the nonsingular fiber sum.
The proof follows identically if we consider pseudoholomorphic Floer discs for
L0, L1.

Theorem 3.3. Let (S1 ×ML, ω) and L0, L1 satisfy the conditions of Lemma 3.1.
Then
HFS1×ML(L0, L0)
∼= HFS1×ML(L1, L1)
∼= H∗(T 2)⊗ Λ
and
HFS1×ML(L0, L1)
∼= H∗(S1)⊗ Λ.
Corollary 3.4. Under the conditions of Theorem 3.3, the Lagrangian tori Li =
S1 × γi are not Hamiltonian isotopic in (S1 ×ML, ω).
Proof of Theorem 3.3. We begin by computing HF (L0, L0). Since we have found
in Lemma 3.1 that pi2(S
1 ×ML, L0) = 0, we have that
HF (L0, L0) ∼= H
∗(T 2)⊗ Λ
as in Floer’s original work [4]. Similarly, HF (L1, L1) = H
∗(T 2)⊗ Λ.
Now we consider HF (L0, L1). As L0, L1 intersect cleanly, Proposition 3.4.6 of
[9] implies that in some neighborhood N(L0 ∩ L1) of L0 ∩ L1 the Floer complex
and Morse complex for some Morse function f : L0 ∩L1 → R coincide. This allows
us to consider a slight modification of the action spectral sequence of [5].
The universal Novikov ring Λ can be written as the ring of formal sums
∑
i aiT
λieni
with
(1) λi ∈ R and ni ∈ Z
(2) for each λ∗ ∈ R, #{i|λi ≤ λ∗} <∞
Here the T λ parameter will be used to keep track of the action of a pseudoholomor-
phic disc. The formula degT λen = 2n determines a grading on Λ and we denote
by Λk the homogeneous degree k part.
An R+ filtration on Λ is given by
FλΛ =
{∑
i
aiT λieni | λi ≥ λ
}
We can then get a Z filtration by picking some λ∗ ∈ R+ and setting FqΛ = F qλ
∗
Λ.
The homogeneous elements of level q are then grq(FΛ) = F
qΛ/Fq+1Λ.
Then as in Theorem 6.13 of [5] we have a spectral sequence Ep,qr with
Ep,q2 =
⊕
k
Hk(L0 ∩ L1;Q)⊗ grq(Λ
(p−k))
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Thus E2 ∼= H∗(S1) ⊗ Λ. We now want to see that all higher order differentials
vanish. Recall that in Lemma 3.1 we showed that ω|pi2(S1×ML,L0∪L1) ≡ 0. Since
the Hamiltonian perturbation may be chosen to be very small so that the local
curves are of area less than λ∗, Lemma 3.1 shows that we have found all of the
discs to be counted. Therefore, there are no higher order differentials and
HF (L0, L1) = H
∗(S1)⊗ Λ

Theorem 3.5. Suppose (XL, ω) and Li satisfy the conditions of Lemma 3.2 and
that for each Li, the Maslov class µ : pi2(XL, Li)→ Z takes only even values. Then
in the fiber sum manifold XL,
HFXL(L0, L0)
∼= HFXL(L1, L1) ∼= H
∗(T 2)⊗ Λ
and
HFXL(L0, L1)
∼= H∗(S1)⊗ Λ.
Corollary 3.6. Under the conditions of Theorem 3.5, the Lagrangian tori Li =
S1 × γi are not symplectically isotopic in XL.
In section 4, We give examples which are Lagrangian isotopic.
Proof of Theorem 3.5. This is proved using the same methods as in the previous
theorem. Lemma 3.2 ensures that the obstructions to defining a small perturbation
Lagrangian Floer cohomology on the Li ⊂ XL vanish and we make make the
following local (in J) computations:
• Using the action spectral sequence forHF (L0, L0) we see thatE2 = H∗(T 2)⊗
Λ. By Lemma 3.2, we see that all the higher order differentials vanish for
a small perturbation. In this case, the calculation of HF (L0, L0) goes
through as in the case of Theorem 3.3 and we find that HF (L0, L0) ∼=
H∗(T 2)⊗ Λ. Similarly, we get HF (L1, L1) ∼= H∗(T 2)⊗ Λ.
• Using the action spectral sequence forHF (L0, L1) we see thatE2 = H∗(S1)⊗
Λ. By Lemma 3.2, we see that all the higher order differentials vanish.
Therefore, the calculation of HF (L0, L1) goes through as in the case of
Theorem 3.3 and we find that HF (L0, L1) ∼= H∗(S1)⊗ Λ.
Now we show that the computed groups are invariant. Invariance is guaranteed
as long as in 1-parameter families, there are no discs with boundary on L0, L1 of
index −1 which bubble off.
Our restriction on the Maslov class ensures that there are no index −1 discs
which appear in the boundary of 1-parameter families. Thus there is a continuation
isomorphism and we have a well defined invariant of Hamiltonian isotopy in XL.

4. Example
If we let L be the union of the right-hand trefoil knotK1 and one of its meridians
K2, the loops γ1, γ2, γ3 in Figure 1 are all freely smoothly isotopic in ML and meet
transversely pairwise.1 We select the fibration pi : ML → S1 so that the Seifert
surface containing γi shown in Figure 1 is the fiber. The smooth isotopies of γ1
1Though they are freely isotopic, the proof of Lemma 3.1 shows that they are not equal in pi1 i.e.
fixing a basepoint.
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γ1
γ3
γ2
Figure 1. γi, i = 1, 2, 3 intersecting pairwise transversely (within
the fiber) in single points
and γ2 to a common curve are shown in Figures 4 and 5. In each of these figures
going from (1) to (2) involves sliding over the 0-surgery on the meridian, going from
(2) to (3) is an isotopy. To relate the end results we have the additional move of
“twisting up the corkscrew” which takes the curves each (3) to the other. Note that
this smooth isotopy is different than the Lagrangian isotopy which we will mention
later.
Since the γi are smoothly isotopic, the Lagrangian tori Li = S
1×γi are smoothly
isotopic. As Lagrangians do not have canonical orientations we neglect the orien-
tations of the loops here.
Addressing the comment made after Lemma 3.1, we note that we can choose the
almost complex structure J so that the Seifert surface Σ (a T 2) is pseudoholomor-
phic. Then choosing any pair γi, γj (i 6= j), Σ \ (γi ∪ γj) is a disc. This is however,
not a Floer disc as it does not satisfy the correct boundary conditions.
For the left and right handed trefoils, the monodromy is of order 6 and in the
basis A,B shown in Figure 2 is given by the matrix[
1 1
−1 0
]
On the (positive/negative) Hopf link the monodromy is a (positive/negative) Dehn
twist about a curve parallel to the components. The connect sum of fibered links
is fibered with monodromy which splits around the connect sum region.
From this computation of monodromy, we see that γ2 is ± the 2nd and 5th
image of γ1 under the monodromy map and that γ3 is ± the 1st and 4th image of
γ1. Finally, γ1 is sent to −γ1 under the third iteration of the monodromy. Thus,
as the monodromy gives a symplectic isotopy (c.f. Section 2) in S1 ×ML the tori
L1, L2, L3 are all symplectically isotopic. In XL they are all Lagrangian isotopic
as the fiber sum is taken away from the isotopy. Despite the existence of these
COMPUTATIONS OF FLOER HOMOLOGY 9
A
B
Figure 2. Basis for monodromy on trefoil
symplectic isotopies in S1 ×ML, Theorem 3.3 shows that the Li = S1 × γi are not
Hamiltonian isotopic there.
Now we consider how Theorem 3.5 applies. That all the hypotheses of the
theorem are satisfied, except that on the Maslov class, is clear. With the following
lemma we see that the remaining condition is satisfied. Then Theorem 3.5 shows
that the Li are not symplectically isotopic in XL.
Lemma 4.1. For the Lagrangian tori Li, we may choose Xi = E(1), and the
particular identification of Fi and S
1 ×mi so that µLi : pi2(XL, Li)→ Z is even.
Proof. As L is a two component link with odd linking number, XL is a homotopy
E(2) and thus is spin. See [2]. In fact E(2)L is E(2)Trefoil. We shall write E(2)L :=
XL. For such a 4-manifold, the first Chern class is an even multiple of the fiber.
Note that µLi factors through pi2(E(2)L, Li)→ H2(E(2)L, Li). As H1(E(2)L) =
0, the Meyer-Vietoris sequence gives that the group H2(E(2)L, Li) is generated by
elements of H2(E(2)L)/ 〈Li〉 and relative classes with boundary spanning H1(Li).
The Maslov index of a class β, µLi(β), β ∈ H2(E(2)K , Li), will change by an even
amount whenever an element of H2(E(2)L)/ 〈Li〉 is added as c1(E(2)L) is divisible
by 2. Thus if we can find a pair of relative discs whose boundaries generate H1(Li)
and whose Maslov indices are even, we have shown that µ is even.
For i = 1, 2, we will choose the identification of Fi and S
1 ×mi so that
(1) pt×mi is identified with a vanishing cycle on Fi and
(2) S1 × pt is identified with the sum of two vanishing cycles on Fi whose
boundaries meet once, transversely, in Fi.
Because pi1(E(1) \ Fi) = 1, we may select an elliptic fibration on E(1) with nodal
fibers having vanishing cycles a and b where a, b generate pi1(Fi). With the decom-
position Fi = a× b, identify a with pt ×m and a + b with S1 × pt. This gives us
the desired identification of Fi and S
1 ×mi.
Each of the γi bounds a four times punctured disc D0,γi in ML where three
punctures are meridians of K1 and one is a meridian to K2. See Figure 3. By our
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Figure 3. An isotope of γ1 bounding meridians to K1 and K2
choice of fiber sum gluing, each meridian of K1 bounds a vanishing disc on its E(1)
side of the fiber sum. Similarly, the meridian to K2 bounds a vanishing disc on its
E(1) side of the fiber sum. Take three copies of the vanishing disc D1, D2, D3 from
the E(1) fiber summed to S1×m1 and one vanishing disc D4 of from the E(1) fiber
summed to S1 ×m2 and form Dγi = D0,γi ∪D1 ∪D2 ∪D3 ∪D4.
Each γi’s Lagrangian framing relative to that induced by trivializing over Dγi is
−2 and is given by a pushoff in the Seifert surface. See [3]. The framing coming
from this disc is then −1− 1− 1− 1− (−2) = −2 and gives us µγi(Dγi) = −2.
By our choice of gluing, the S1×pt ⊂ Li is bounded by a pair of vanishing discs.
This pair of vanishing discs intersects at one point on F and so can be smoothed to
a disc DS1×pt with relative framing −2. For this loop the framing defect from the
torus is 0 (given by pushoff in the monodromy direction) and so µLi(DS1×pt) = −2.
Thus we have found a basis on which µ is even, hence µ is even.

This example generalizes to similar links with K1 = T2,2n+1 where we find many
Lagrangian but not symplectically isotopic tori.
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Figure 4. Isotopy of γ1
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Figure 5. Isotopy of γ2
